A new Brownian dynamics simulation technique is presented for the calculation of the effective rate constant for diffusion controlled reactions with a finite intrinsic reactivity. The technique is based on the calculation of the recollision probability of a molecule with a reactive site using a large number of Brownian trajectories, when the probability of reaction upon collision with the reactive site ( f ) is less than unity. The technique is a modification of the earlier work of Northrup et al. ͓J. Chem. Phys. 80, 1517 ͑1984͔͒, and is applied to the case of a uniformly reactive target sphere and a target sphere with axially symmetric reactive patches. A theoretical analysis is presented to relate f to the intrinsic surface reaction rate constant (kЈ). Computational results for the uniformly reactive sphere are in excellent agreement with theory, and those for the sphere with patches are in very good agreement with the results obtained using a different computational technique ͓Allison et al., J. Phys. Chem. 94, 7133 ͑1990͔͒. The proposed method requires the computation of the recollision probability to a high accuracy; however, this does not result in computational times greater than those of Allison et al. ͓J. Phys. Chem. 94, 7133 ͑1990͔͒. The new method has the advantage that the results of the Brownian dynamics simulation are independent of kЈ and can subsequently be used to calculate the effective rate constant for any given value of kЈ. © 1997 American Institute of Physics. ͓S0021-9606͑97͒50230-3͔
I. INTRODUCTION
The diffusion of reactive species can be the rate controlling step when the chemical reaction step is very fast relative to the diffusion. Rapid coagulation in colloidal solutions and aerosols, crystal growth, protein folding, ion recombination reactions, fluorescence quenching of electronically excited species, chain termination reactions in free radical polymerization, and heterogeneous catalytic reactions 1 are only a few examples of processes in which such ''diffusion controlled reactions'' have been observed. The basic theory for the analysis of such reactions was first established by Smoluchowski 2 for the coagulation of colloidal particles, and the theory has been validated for a wide variety of systems. 1 Enzyme-substrate bimolecular reactions have received more attention recently, [3] [4] [5] [6] and several particular cases have been analyzed, including those with orientational criteria for reaction. The polymerization of rod-like molecules has also shown to be diffusion controlled, [7] [8] [9] [10] complexities in this case arise from both orientational criteria for reaction and anisotropic translational diffusion. Recently Wu and Nitsche 11 have presented a review of the theoretical analyses of bimolecular diffusion-limited reaction processes with a variety of combinations of species and interactions.
Obtaining analytical solutions for diffusion and reaction in processes involving complex interactions and reaction conditions is difficult. A novel method for evaluating the effective rate constants for diffusion controlled reactions has been developed by Northrup et al. , 12 based on the statistics of Brownian motion of a single reactive molecule in the neighborhood of the reactive site. In its simplest version, the effective rate constant of reaction is proportional to the fraction of molecules initiated on a spherical surface that encloses the reactive site, which react ͑collide with the reactive site͒ rather than escape ͑diffuse to large distances from the reactive site͒. The method obviates the need for solution of the complex diffusion equations to obtain the concentration field, and thus problem formulation from a computational viewpoint is greatly simplified. Other advantages of the method include the ease of parallel computation ͑parts of the computation can in fact be carried out independently͒ and the sequential refinement of results ͑the number of Brownian trajectories can be increased until the standard deviation is low enough͒. The method has been implemented for many reactions incorporating hydrodynamic interactions, chemically anisotropic species, rotational diffusion, and various intermolecular force models. [13] [14] [15] [16] [17] [18] [19] In all these cases the reaction between the species is instantaneous ͑every collision results in reaction͒, corresponding to an infinite surface reaction rate constant.
Northrup et al. 12 have also described a Brownian dynamics algorithm for reactions with a finite intrinsic reactivity, based on a fixed probability of reaction upon collision of the reactive species with the site, and on a computational estimate of the probability of recollision of an unreacted molecule with the reactive site. However, to our knowledge, this procedure has not been applied to any system. Allison et al. 20 have proposed an alternate Brownian dynamics technique for systems with a finite intrinsic reactivity which has been successfully implemented. In this method the probability of reaction for a given trajectory is computed by theoretically estimating the survival probability of the diffusing molecule in each Brownian step. A third approach for the analysis of diffusion controlled reactions in the context of Brownian dynamics 21 involves a modification of the boundary condition at the reactive site: the reaction surface is replaced by a reaction zone in which the reactivity decays exponentially with distance. This exponential reactivity model has been found to be particularly suitable for electron transfer reactions. [21] [22] [23] [24] We focus on the first two methods here. The main objective of the current work is to present a necessary modification of the theory for the method proposed by Northrup et al. 12 so as to permit a numerical implementation of the method. To illustrate the method we consider the diffusionlimited reaction between spherical molecules with no intermolecular forces or hydrodynamic interactions, in which not all collisions of diffusing molecules with reaction sites lead to reaction. Two specific cases have been dealt with: one in which the total surface of the target molecule is reactive ͑for which an analytical result is available͒, and the second in which only a portion of the target molecule is reactive ͑i.e., a target molecule with reactive patches͒ ͑Fig. 1͒. Computational results for the latter are compared to results obtained following the method of Allison et al.
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II. THEORY
We briefly review the theoretical basis of the Brownian dynamics simulation method, first following Northrup et al. 12 The theory for the modified method is given next, along with the derivation of the probability of reaction upon collision with the reactive site ( f ).
At steady state, the total diffusive flux of molecules to the reactive site ͑target molecule͒ is equal to the diffusive flux to any closed surface bounding the target molecule. For simplicity consider a spherical surface of radius rϭb surrounding the target molecule. The reaction flux to this surface can be written as
where J 0 is the flux of particles starting from rϭϱ that visit the surface rϭb for the first time, and ␤ ϱ is the probability that molecules starting at rϭb will react rather than escape to rϭϱ. J 0 is obtained analytically, and ␤ ϱ is obtained by Brownian dynamic simulations as described below. The first visit flux of the molecules to the surface rϭb is J 0 , obtained by solving the following diffusion equation
͑2͒
along with the boundary conditions C 0 ϭ0, rϭb, ͑3a͒
where D is the diffusivity. The flux is thus given by
The effective rate constant is then obtained as
The reaction probability ␤ ϱ is obtained from Brownian trajectories initiated at rϭb and is given by the fraction of trajectories that react rather than diffuse to rϭϱ. Since not all the collisions with the reaction sink lead to reaction, Northrup et al. 12 suggested the calculation of ⌬ ϱ , which is the probability that molecules separating from an unsuccessful collision will recollide rather than escaping to infinite separation. Now, the evaluation of the reaction probability ␤ ϱ is obtained as a sum of the probabilities of successive recollisions and reactions as shown by Northrup et al. 12 The probability that a molecule starting at rϭb collides with the reactive sink rather than escaping to rϭϱ is denoted as ϱ , and the probability of any collision leading to reaction is denoted as . Hence, the probability of reaction after the first collision is ϱ . Those molecules with an unsuccessful first collision will have a probability ⌬ ϱ of recolliding rather than escaping to infinite separation. This second collision reaction probability is given by ϱ (1Ϫ)⌬ ϱ . Keeping track of successive collision and reaction attempts gives the total probability of eventual reaction of the molecule starting from surface b as
so that
Thus, the effective rate constant for the case of finite reactions is given by 
Following similar arguments as above, corrections for a finite computational domain were obtained by Northrup et al. 12 as ϱ ϭ
1Ϫ͑1Ϫ ͒⍀ ͑9͒
and
where is the probability that the molecule starting at rϭb collides with the reaction site rather than escaping to rϭq, and ⌬ is the probability that a molecule starting at the reactive site recollides with it rather than escaping to rϭb. In the above equation ⍀ is the probability that the molecule reaching the surface rϭq will go back to rϭb rather than going to rϭϱ, and is given by ͑Northrup et al. 12 
͒ ⍀Ϸb/q ͑11͒
for nearly isotropic diffusion in the region rϾb. Thus if and ⌬ are obtained from Brownian dynamics simulations, the effective rate constant for finite reactions can be obtained. The above procedure suggested by Northrup et al. 12 cannot be numerically implemented since the recollision probability ͑⌬͒ as defined above is dependent on the time step (␦t) and ⌬→1 as ␦t→0. Further, there is no direct relationship given between the reaction probability ͑͒ and the surface reaction rate constant (kЈ). In the following we modify the procedure suggested by Northrup et al. 12 by redefining the recollision probability and obtaining analytical relations between and kЈ.
We define ⌬ ϱ f as the probability that a molecule starting at rϭ f , an intermediate surface whose radius is less than r ϭb, collides with the reactive site rather than escaping to rϭϱ. Similarly, f is the probability that a molecule starting at the reactive site reacts rather than escaping to rϭ f . The reaction probability for the case of finite rates of surface reaction is obtained as before in terms of the above probabilities as
where ϱ is the first collision probability. The recollision probability for a finite domain is related to the infinite domain value using the procedure of Northrup et al. 12 as
where ⌬ f is the probability that a molecule starting from r ϭ f will collide with the reaction surface rather than escape to rϭb. ⌬ f can be evaluated using Brownian dynamic simulations, and f must be obtained analytically. Here we obtain f for the case when ( f ϪR)/RӶ1 so that the reactive surface can be assumed to be flat.
Consider the diffusion and reaction of a molecule between two parallel flat surfaces separated by a distance L ϭ( f ϪR). The surface xϭ0 is reactive with a surface reaction rate constant kЈ, and xϭL is a perfectly absorbing surface. The molecule initially at xϭ0 may either react at x ϭ0 or be absorbed at xϭL. f is then the fraction of molecules that react at xϭ0. The governing equation for the probability density of the molecules is
and the initial condition is
where ␦(x) is the delta function. The boundary conditions are
Pϭ0, xϭL. ͑16b͒
Using separation of variables, we obtain the following solution to the above
where
The roots n are determined numerically from f n (L)ϭ0, and then the probability density can be easily calculated.
To obtain the fraction of molecules that react, we need to consider the flux to each surface xϭ0 and xϭL. The total number of molecules that arrive at any surface in the domain are
On substituting for the probability density we get the number of molecules that react ͑i.e., flux to xϭ0͒ as
and the number of molecules that escape to xϭL as
Finally we obtain
Rescaling all distances by the radius of the target sphere (R) and defining the following dimensionless variables and parameters:
n ϭ n R, ␣ϭkЈR/D, k eff ϭk eff /͑4DR͒, the reaction probability in dimensionless form is
Computation of f for different ␣ and L shows that f can be written as
A comparison of the predictions of the above equation and computed values using Eq. ͑23͒ is shown in Fig. 2 . For the case of reactions involving a target molecule with reactive patches ͑Fig. 1͒, the recollision probability ͓⌬ f ()͔ depends on the angle ͑͒ at which the trajectory is initiated on the surface rϭ f. The infinite domain recollision probability ͓⌬ ϱ f ()͔ is obtained for each initiation angle from Eq. ͑13͒ for angles in the range (0, c ) where c is the patch angle. The limited range is used since we assume f ϭ0 for Ͼ c for simplicity. The dimensionless effective rate constant (k eff ) is then obtained by averaging ␤ ϱ ͓Eq. ͑12͔͒ over the range (0, c ), and substituting in Eq. ͑5͒ as
In the above equation, f is calculated from Eq. ͑24͒. Calculation of the effective rate constant using the recollision probability thus requires the computation of the collision probability ͑͒, which is essentially the reaction probability for an instantaneous reaction at the surface and ⌬ f (). Computation of these is discussed next.
III. COMPUTATIONAL PROCEDURE
The core of the simulations is generation of Brownian trajectories of the diffusing molecules. The initiation and truncation conditions are varied depending on the probabilities being calculated. The Brownian displacement of a molecule in a dimensionless time step ␦ϭD␦t/R 26 is used to generate the Gaussian random numbers.
The collision probability ͑͒ is calculated by initiating trajectories at rϭb and truncating them when the molecule collides with the reactive surface at rϭ1 or the outer surface rϭq. The collision probability is then simply the fraction of molecules that collide with the reactive surface. A sufficiently large b(bϭ8) is used for target molecules with reactive patches, so that the collision probability for molecules initiated at ϭ0 is nearly the same as that for molecules initiated at ϭ90. The truncation radius is taken to be q ϭ12. The time step used in the computation is given by
with fac ϭ10 Ϫ4 and min ϭ10 Ϫ4 . These values are obtained by trial and error as the largest values that give accurate results. The computations consisted of five iterations with 20 000 trajectories each. When the time step ␦ is less than min , it is set equal to min . The recollision probability (⌬ f ) is the fraction of molecules starting at rϭ fϭ1.01 that collide with the reactive surface rather than escaping to rϭb. Hence, trajectories started at rϭ f are terminated when the molecule collides with the target sphere (rр1) or escapes by passing beyond the initiation boundary (rуbϭ8). For the case of the target molecule with reactive patches, the recollision probability ͓⌬ f ()͔ is calculated for a fixed number of -values in the range (0, c ). Each calculation consisted of five iterations with 30 000 trajectories for each -value. The time step used in the computations is
with r c ϭ1.05, fac ϭ10 Ϫ3 , and min ϭ10 Ϫ6 . The effective rate constant is then obtained by numerical integration of Eq. ͑25͒ using Simpson's rule for the computed ⌬ ϱ f () and ϱ values. For this case as well, ␦ϭ min when the value calculated from Eq. ͑28͒ is less than min .
The procedure used for computations based on survival probability is essentially the same as that of Allison et al. 20 Molecules that collide with the reactive site are reflected, and the trajectory is truncated when rϾq. Since the survival probability is unity except very close to the reaction surface, it is calculated only when the diffusing molecule is within a certain critical radius r c , or else it is set equal to unity. ͑See Ref. 20 In the computations we take r c ϭ1.05 so that the reactive surface can be assumed to be nearly flat, and min ϭ10 Ϫ4 so that the reaction probability at r c is lower by a factor 10 Ϫ10 as compared to the reaction probability at the surface. 20 Further, fac is chosen so that the reaction probability ratio is less than 10 Ϫ10 for all rϾr c .
IV. RESULTS AND DISCUSSION
The effective rate constant for the case of a uniformly reactive sphere, evaluated using the modified reaction probability approach and the survival probability approach, are compared with the theoretical values obtained using the equation
in Fig. 3 . The error bars give the standard deviations of the computed values over five iterations. The effective rate constant increases with increase in ␣, which is as expected. Further, the simulated values match very well with the theoretically evaluated values, validating the new method. We note that ⌬ f must be calculated to relatively high accuracy since errors in the calculation of k eff are magnified for small L. For example, for a uniformly reactive sphere, the error in calculating the rate constant (␦k eff ) for an error ⑀ in calculating
Thus a sufficiently large number of trajectories is required to obtain accurate results. The relative error that arises from neglecting the curvature of the surface can be estimated for a uniformly reacting sphere, and is given by
The above condition requires the use of a small value of L in the computations.
The computed values of the recollision probability for different initiation angles of the molecule for a particular value of the patch angle of the target molecule are presented in Tables I to IV . For a given value of the surface reactivity ͑␣͒ the effective rate constant is calculated using the calculated recollision probabilities and ϱ ͑also given in Tables I-IV͒ from Eq. ͑25͒. The values of the effective rate constants obtained for different patch angles are presented in Fig. 4 . The effective rate constants obtained using Allison et al.'s method 20 for the same patch angles are also presented in the figures. For a particular value of the surface reactivity ͑␣͒ the effective rate constant (k eff ) increases with increase in patch angle. Further, k eff increases with increase in ␣ for a given patch angle. Both these trends are as expected. The effective rate constants obtained using the new method, making use of the recollision probabilities, match very well with those obtained using survival probability calculations. For roughly equal values of the standard deviation, the computa- In all the cases, the times correspond to five iterations, each iteration comprising the above mentioned trajectories. Calculations for c ϭ90°for both methods gave rate constants equal to those for a uniformly reactive sphere ͓cf. Eq. ͑30͔͒.
V. CONCLUSIONS
A new method of evaluating the effective rate constants for diffusion controlled reactions with finite reactivity is presented. The method is a modification of Northrup et al.'s 12 procedure. The effective rate constants obtained from simulations for uniformly reactive spheres match very well with the theoretical results. For the target sphere with reactive patches, the effective rate constants obtained using the new method, making use of the recollision probabilities, match well with those obtained using survival probability calculations. The results presented in the paper essentially validate the proposed Brownian dynamic simulation method for the calculation of effective rate constants for finite surface reac- 4 . Variation of effective rate constant (k eff ) with surface reactivity ͑␣͒ for finite reactions of spherical molecules with different patch angles: ͑a͒ c ϭ20°, ͑b͒ c ϭ40°, ͑c͒ c ϭ60°, and ͑d͒ c ϭ80°. ϫ: effective rate constant obtained using recollision probability computations, ϩ: effective rate constant obtained using survival probability computations. tivity. We briefly compare below this method to the method of Allison et al. 20 The primary advantage of the recollision probability method is that the Brownian dynamics simulations ͑which are computationally intensive͒ are independent of the surface reactivity (kЈ). Thus, once ⌬ ϱ f () and ϱ are computed ͑cf. Tables I-IV͒, the effective rate constant can easily be obtained from Eq. ͑25͒ for any value of kЈ. The main disadvantage is the magnification of errors due to small values of L ͓Eq. ͑31͔͒, which require computation of ⌬ f to a high degree of accuracy. This does not, however, result in any significant increase in computational effort.
The proposed method is particularly useful in cases where the intrinsic rate of reaction is not known a priori. For example, in the polymerization of poly͑p-phenylene terephthalamide͒, 7, 8, 27 reaction kinetic data is available only in the diffusion controlled regime. The recollision probability method, in principle, allows the calculation of the effective rate constant for many different values of the intrinsic reactivity from a single Brownian dynamics simulation. Extraction of the intrinsic reactivity from experimental data is thus facilitated.
